Fourier Series

REPRESENTATION OF A VECTOR USING ANOTHER VECTOR

Consider two vectors v; and v, as shown and let 0 be the smallest angle between the two vectors.
v = C12V2 + Ve
Ve =V = Cppny
where v, is error vector

Ve
0 1
_’| Ciaw I‘_ V2
v, cos 6
Fig. 1

We can approximate the vector v, using vector v, by drawing a perpendicular from the end of v, onto v,.
The value of C|, is selected such that error is minimum. Consider the following two cases;

V2

| V2
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From these figures, it is clear that error is minimum in Fig. 1. Hence, in that case we can approximate
v, =Cpy vy

Also, Vv, - v, = magnitude of v,. projection of v, on v,
=V, v, cos O
= Cpvy
=Cppv3
Cpp = 1 ’2"2
V2
In case of mutually orthogonal vectors 8 = 90°,
V-1, =0
Cp,=0.

Then we cannot express v, in terms of v,. But we can express any other vector in terms of these two
vectors.

Hence, condition for orthogonality is v, - v, = 0.

Similarly we can express a signal in terms of another signal.

ORTHOGONALITY OF SIGNALS

Consider two signals f,(#) and f,(f). We want to approximate f(f) in terms of f,(f) over a certain interval
(t, <t<t).
i) = C f2(0) fort; <t<t,
The error in this approximation will be
JD =/ - Cp L0
C,, is selected such that error between the actual function and the approximated function is minimum. For
minimising the error f,(f) over the interval ¢, to t,, we have to minimise the average (or mean) of the square of
error function f(f).
The mean square error € is given by,

£= tydt

(tz J £

<t2 j L) = Cofo(OF d

(t Jm (1) = 2C (0 fo(0) + CL fF (Mt
2

1
| j £ (de =2y j [0 f(0di + Cy j 13 e
2 [ [
To find the value of C,, which will minimise € we must have
ok _0
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& 0 1
aC, Gy | (1 —1)

[ 2wy =26, [ 10 o0t +C [ 12 01de

f f f

i.e.

Changing the order of integration and differentiation, we get,

_t2

ot 1 P 5 f 1 i
=3 Hdt =2 1) fo(@)dt +2C, 1)]dt
ac, (H—1n) _;!-aclzfl ® ;!-fl()fz() 12tJ1‘f2( ]

5]

= O—ZJﬁUUﬂUW+2CnyﬁUHﬁ}

(tz - tl) L f 1

Now, when =0 we get

12

[ Ko fhwar = ¢, | £ 0t

f f

[ 0 fr @
Cpp= i

i

[ £ war

h

When C, is zero, then the signal f;(#) contains no component of signal f5(f) and the two signals are said to
be orthogonal over the interval (¢, ¢,). Thus the two functions are orthogonal over an interval (¢,, ,) if

[ i fr0dr =0

h

ty 1
If in addition, I| fi@® Pdr =1= J I £, () [2 dt, the functions are said to be normalized and hence are
i} i}

called orthonormal.
Note: (1) If a set of signals is not orthonormal, we can converts the orthogonal set to orthonormal by

dividing £,(¢) by K, .

Note: (2) If f(¢) is a complex function of real variable 7,

| rwf @war =0

f

and J'f](t)zdt =K

it
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Example |  Show that the functions sin n wyt and sin m @t are orthogonal over any interval

21
to o +— |
. 0,

Soluton  Let f1(@) = sin noyt
Fo(t) = sin mayt
2
i
Lo
I sin nb ot sino yt dt

[ i frwar

h ly

1

to+
! o

| %[cos(n —m) of —cos(n + m yfldt

2
r fo+—
1 1 1
= —— | ———sin(n —m o —————sin(n +m Ot:| Lo
2 [ (n—m) (n+tm) o
= L ;sin(n —m) |ty + ZL —;sin(n +m)
20)0_(n—m) 0 g (n+m)

0o |+ 2 L in(n— mp gty + ———— sin(n + m ot
— |-———sin(n—m ———sin(n+m
oL 0o (n—m) 0T (4 m) 00

Since n and m are integers, (n — m) and (n + m) are also integers.

sinnb ot sinmo ot dt =0
lo
Hence two functions are orthogonal.

. 21
Example 2 Show that cos nwyt and cos mayt are orthogonal over the interval (to fo + —j
’ 0

0

2t

fy+—

ty Lo

Solution j A f,(0dt = _[ cos ni ot cos mi t dt

n fo

21

to+—

lo

I > [cos(n +m) ot + cos(n— m ot]dt

0]
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5

2t
r to +—
1 1 1 0
= —— | ———sin(n + my ot + ————sin(n —m Ot} 0
20 oL (n+m) (n—m) o
R % 1
= —|———=sin(n+m o| tg + — |————sin(n + m)0
20)0_(n+m) 0 g (n+m)

(n—m)

b — in—mw o |1 + 2 L it —mp
———sin(n — m) — |ty ———sin(n —m

oL Ty 0 0 (n+m) 0%0
Since n and m are integers, (n + m) and (n — m) are also integers.

lo
J. Ecosna) of cosmi otdt =0
fo

Hence, two functions are orthogonal.

2
Example 3 Show that sin nwt and cos mayt are orthogonal over the interval [to, o + w_]
0
2
fo+—
Lo
Solution j sin a ot cos m (tdt
lo
2
i+
’1
= | Z[sinGa+mu ot +sinn— my o] de
) 2
- o+
1 -1 1 o 0
= —— | ———cos(n +m) ot ————cos(n —m t
20 o | (n+m) (n—m) o

1 2 1
= —————cos(n+ml ¢ |ty + Ay — cos(n + m oty
2| (n+m) 0 (n+m)

1 ( 2 J 1 }
—————cos(n—m o | tg +— |ty + ————cos(n — ml yt,
(n—m) 0 g (n—m)

Since n and m are integers, (n + m) and (n — m) are also integers.
2t
to+—
Lo
sin no ot cos mu gtdt =0
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Hence two functions are orthogonal.

Example 4 A rectangular function f(t) is given by
fO=10<r<n)

=—1(r<t<2nm)
S
1
0 T 2n !
) SO
Fig. 4

Approximate this function by a waveform sin ¢ over the interval (0, 2r) such that mean square error is
minimum.

Solution  The function f(7) is approximated over the interval (0, 27) as
f()=Cyysint

2t

_[ f(t)sin tdt
Cip= 02:
j sin? ¢dt
0

1 2t
J' sintdt + | —sintdt

0
2t
0

[ cos t], + [cos ]*

1f, sin2t]"
2 2

—cost +cos0+cos2i —cost
1 sin 41 sin 0
—|2r - +

1

(1 — cos 2t)dt

N | —

2 2
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Example 5 A rectangular function f(t) is approximated by sine function show that the error in the

approximation is orthogonal to sin t in the interval (0, 2 ).

Solution  The error in the approximation is
4
@) =f@)— — sint
I
2 2

er(t) sin tdt j[f(t)—isint:|sin tdt
1

0 0

2 4 2

[ rysinede == | sin® rar
T

0 0

1
i

2 2
471
J.sin tdt + J —sin tdt ——J. — (1 —cos 2t)dt
0 0 "o 2

. 2
2 2t
= [—cost], +[cost]* —= [z‘ _m }
‘ 1 2
=2+2-4
=0
Hence the error function f,(f) is orthogonal to sin ¢.

Example 6 Show that exponential functions (™Y n=0,+1,+2,...)is orthogonal over an interval

21
0o

Solution
o+
(R
i *®
I= (e™ ") dt
lo
2t
t+—
Lo
— ejnm of —Jjmi Otdt
fo
2
fo+—
1o
21
= J dt = — when n =m
f 0o
21
I= —1 I:ej("—m)“‘ of j|t()+ﬁ

jn—m g f
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. 1 /(1= ol I:ejZ« (n—m) _ 1i| (v e2mn=—m) = 1)
Jn—mu
=0

jni . . 2

Thus, {¢’" "}, n=0,+ 1, £2, ...) is orthogonal over the interval | #,, 7, + = .
g 0fo T

0

ORTHOGONAL SIGNAL SPACE

Any function f(f) can be expressed as a sum of its components along a set of mutually orthogonal functions if
these functions form a complete set.

Approximation of a Function by a Set of Mutually Orthogonal Functions
Consider a set of n mutually orthogonal functions f(#), f5(t), ... f,(¢) over an interval (¢, t,) i.e.

[ @ fde =0 i#j

h

53
[ 17 wdr =k i=j
h
where k; is a constant.
Let the function f(#) be approximated over an interval (¢, t,) by a linear combination of these n mutually
orthogonal functions.

SO=Cfit)+Cofos)+ ...+ C, [0
= Y.C,f;) h<t<t
j=1
The error in this approximation is
LD =f0 - Cif;®
j=1
and mean square error is

1
E =

Tﬁmm

—t
2 l1

[ n 2
1
= me—ZQﬂm}m
L j=1

1 6l n n
= jﬁm—umzcmm+2@ﬁm%r
J=1 Jj=1

Thus €1is a function of C, C,, ... C, and to minimise & we must have

o % %
oc, oc, T oc,
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L N B
T { 2faxn<ndr+2cj£f;<odt 0
[raoswar = ;] rFwar
[ 1o f; e
Cj= il 5
[ £ war

i}

1%
== rofod

i

Hence, when a set of n functions f;(), f5(?) ... f,(f) mutually orthogonal over the interval (¢,, t,) is given, it is
possible to approximate the function f(¢) over this interval by a linear combination of these n functions.

J@O) = Cihi+ Cof5(0) + ... + C (D)

n
= 2. Cif;0)
j=1
Evaluation of mean square error:

E =

LT o

L=ty

15} n 2
- me—ZCJNJcﬂ
j=1

h=h;

1 5] n 5] n 5]
= [j frode+ Y, cf.j flnd =23, cjj FOf; )t

h=h IR IR

By definition,

17
C=—Jrwswa

J 1

CKi = [ f f;(war

h

1

5] n n
[ w23, Ck; + Y CIK,
Lh=h|} j=1 j=1
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- jfz(t)dt—iC?Kj:l
j=l1

L=hl}

.
1
=— [ r2wdi - (K, + K, +--.+cjkn)]
27 h| g

Example 7 A signalf(n=1 0<t<nx
=-1 nm<t<2rx
is approximated by the signal sin nt. Find the error in approximation whenn = 1, 2, 3, ...

Solution

S U IO
C = ?J‘f(t)smntdt

1,1

1 2t
L _[sin tdt + _[ (1) sin tdt
Kl 0 1

1 [ 1
= Z[(—cost)o + (cos 1)’ J

1
= X [~ cos Tt + cos O + cos 21 — cos ]
1

=i[1+1+1+1]=i
K K

1 1

12} 2
K, = Jsinz tdt = j sin? tdt
0

i}
2

_ J‘ (1—cos2tjdt
0 2

. 2
=lt_s1n2t :l(zﬁ):ﬂ
2 2 2
4
1

0
I

1 1 2
C,= — jsin 2edt + j (—1) sin 2¢dt
K2 0 1

_L (—00321)' _|_(c052t)2Y
- K2 2 0 2 1

= L . l [~cos 2 + cos 0 + cos 4 — cos 27|
K, 2



Fourier Series 11

L. [F1+1+1-1]

>
[38)
N | =

1 2
C, = L j sin 3tdt +j (~1) sin 3t
K3 0 1

_ L_(—cos3tj: N (cos3tj2:
K3 3 0 3 1

[-cos 3w+ cos O + cos 6 — cos 37]

X
w
W | —

R IR I s P
3 3K,

Ky= [ sin?3rds
0

2j‘(l —Cos 6t) 1 [ sin 6tT
= — |dt=-|t-—-
0 2 2 6

= l|:21r —M+Sin0i|
2 6

| [ 4V 4}
Error = - _([ﬁ(r)dr—{(”—j 1 +0+(§) 1 H

1 [ 21 1 1
=— jlzdt+j(—1)2dt——6— 6}
T
LO

Wit : J
LT
=—|1r —0+2r —1 _E_E}
2t L 1 Or
—1- 39 _00997.
o 2

2
j £(t) sin redt
or C.= 0‘

r 2
f sin? rtdt
0
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Now

For

FOURIER SERIES

2 2t
K, = J‘sin2 rtdtzl'[(1+cos.2rt)dt
2
0 0
1{ sin2rtT
=—|t+——
2 r o
—1[271 Ol=m
=3 =
2t
_[f(t)sinrt
c =2
1
1_1 )
= — jsinrtdt—fsint+dt:|
7
LO 1
B I 2
=l (—cosrt) +(cosrt) =i(1—cosrﬂ)=
) L r 0 r f Tr
r=1,2,3
C1=g (1—cos77:)=i
T T
2 2
C, = l1-cos2n]l=— (1-1)=0
} rfxz[ ] 21 ( )
2 4
Csy = l-cos3nm]l=—[l-(-1D]=—
3n><3[ ]37r[()] 31
4
f(t):i sin t + — sin 3¢
1 3
£=10.099 (as calculated above)

Tr

21— 1]

Representation of a function over a certain interval by a linear combination of mutually orthogonal functions

is called fourier series representation.

Trigonometric Fourier Series

We know that functions sin @y, sin 2@, etc. form an orthogonal set over any interval (¢, t, + T). Similarly,
function cos nw,t is orthogonal to sin mayt over the same interval.

The complete set of functions consisting of a set cos n@yt and sin mwyt (for n =0, 1, 2, ...) forms a
complete orthogonal set. Thus any function f(#) can be represented in terms of these functions over any

interval (¢, t, + 7).
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[ () =ag+ a; cos wyt + a, cos 2wyt + ... + a, cos nWyt + ...
+ by sin wyt + b, sin 2wyt + ... + b, sin nwyt

ap + Z(an cosni ot +b, sinn () (ty<t<ty+T)

n=l
1o+T
where a,= = J f (&) cosm ot dt
T "
t0+T
b,== f f(@)sinm ot dt
T
| 1o+T
ag=— | f(n)dt
]

ay is the average value of f(f) over the interval (¢, t, + T). Thus q, is the dc component of f(f) over this
interval.

Exponential Fourier Series

A set of exponential functions {e’ Ot} ,n=0,%+1,%2, ... is orthogonal over an interval (,, t, + T) for any

value of ¢,. It is therefore possible to represent an arbitrary function f(f) by a linear combination of exponential
functions over an interval (zy, 7, + T)

f()=Fy+Fie’ ¥ + Fyel® o' oot F /™0 4.
+ F eV 4 FLe /20 gy F oMo g
= Y Fem (ty<t<ty+T)
n=—oo

21

where Wy = -
T

Representation of f(#) by exponential series is known as exponential fourier series representation of f(7)

over the interval (#,, #, + 7). The coefficients in this series are given by,

17
F =— e M ot gy
\ T{f()

Convergence of the Fourier Series (Dirichlet’s Conditions)

The fourier series of function f(¢) exists only if the following conditions are satisfied:

1. The function f(¢) is a single valued function of the variable ¢ within the interval (z,, t,).
2. The function f{(¢) has a finite number of discontinuities in the interval (¢, ,).

3. The function f(¢) has a finite number of maxima and minima in the interval (¢, t,).

4. The function f(¢) is absolutely integrable i.e.

j|f(t)| dt < o

1
These conditions are called as Dirichlet’s conditions.
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Fourier Series of Even and odd Function

We know that product of an even and odd function is an odd function and that product of an odd and odd
function is an even function. Similarly the product of an even and even function is also an even function. For
an even function

0] T
fwdi= | f.wde+ [ £ dr

-T 0
Letting t=—x

T, T T
[ rwd = [ f.ode+ | g
-T 0 0
But f.(=x) =f,(x)
T, T T T
[ rwar = [ f.oax+f fwd =2 f.od
0 0 0

-T
Similarly for an odd function f(f)

T r ,
-T r 0
T T
=" Ifo(x)dx +f fodt =0
0 0
We know that
5 T2
=7 _[ f)cosm ot dt
-T2
5 TP2
by=2 [ F@sinm g dr
r )
when £() is an even function
5 TP
a,= = [ f.()cosm ot dr
-T2
/2
4 o t d ¢
a,=— _[ f.(@)cosm ot dt f.(®)an COSn.aJ 0
! 0 are even function
5 T/2
by=7 f fo (@) sinmo o dt
r -T)2

=0 (" sin noyt is an odd f;)
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when f(¢) is an odd function

T/2

2
a,=— J. So(t) cosmy ot dt
r -T/2

=0 (Product of odd and even function)
4T
by== [ fosinm o dt
T

Thus a Fourier series of an even periodic function will consist entirely of cosine terms while a Fourier series
of an odd periodic function will consists entirely of sine terms.

THE POWER SPECTRUM OF A PERIODIC FUNCTION

We know that exponential Fourier series of f(7) is given by
f(t) — 2 Fnejnw of
n=—co

The power associated with function f(#) is

| T2
- j F2(0)dt
T—T/Z
1 T/2 | T/2 o '
= [ Pod=_ | fod Y Fe ar
-T/2 -T/2 n=—co

Interchanging the integration and summation on the R.H.S.,

LT L e TP ‘
= | frodi=2 X F, [ fwe
T T =
-T/2 n=—eo  _T/2
L3 prp
T = nt—n
=Y EF,
Since F,=F", wehave F,F ,=IF,
1 T2 oo
;| roa= XRF
-T/2 n=—oo

=F +IFP+ IR+  +IFP+  +F P+IF P+ +IF P+ ...
This is Parsval’s theorem.

LT -
pP=— j frwdi= Y F}
T =

) n=—o

Now, IF\P? = IF_P
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P=F; +|F\P+IF_ P +IF+IF >+ ...
=F}+2IF 7+ 2IF,” + ...

—F+2 Y|
n=l1

The spectum drawn with the help of power of each component of the signal is called as power density
spectrum.

Example 8 Find exponential Fourier series of the waveform shown in Fig. 5.

fin
T
‘ o 4 !
Fig. 5
Solution
21 21
a)o = — = — =
T 21
fH=—t 0<t<2m

%
2
F = L _[ it~e‘f’”alt
Wit 0 2

A B e—jm‘ e—jm 2
= ——|t- —
420 - (=’
A B o2 oI 1
B i e
41 —Jjn n n

_4;[2 n - 21 n
2
1 A
Wit 02n
2
_afe] _a
4122 ) 2
A N A
[=—+ ._eﬂmot
fo=5+ 2 s
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IF,l
Al2e AT
Al2m Al4T
Aldm
I { { [ nax
oy 2ax 300
Fig. 6

Example 9 Expand periodic gate function by the exponential Fourier series.

A

! —-72|-1/2

— T —t=—T

Fig. 7

Solution fO=A (-12<t< 1/2)
=0 (tR”2<t<T-1)
1 1/2 '
Fu== j fe ™ vdr

/2 Sa()

1/2
'[ Ae " o gy

- /2

_ e—j"ﬂ‘ o :|r /2
—jni
L Jn o -1 /2

_e—jrm ol /2 — e Ox/2i| Fig. 8

N =

N

N

—Jjni

2A
= sinm o1/2
ny T

Ar | sin(m 1 /2)
T | myT/2
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f@ =

A
T’Sa(nwor/z)

Ag (i

T T

A N S (m}./’w of
T Z°\T

o1(1)

HEEN

or(1) =

Let Or(f) =

51"([) =

2T -T 0 T 2T
Fig. 9

i § (t =nT)

/2 ’
— j I (e ™ v dr
)

| T/2

— j I (e ™ o dr
T 35

1 1
— 8(0) = —
T @ e T

)

n=-oo

1 el ot
T

Fn

L[] 1]

nay
“2an-ay 0] @y 2ap

Fig. 10
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Example 10 Obrain trigonometric Fourier series representation of the waveforms shown or show that
the function shown can be represented by orthogonal set in the interval 0 < t < 2.

f
(11 ]
t
o - O T 2%
Fig. 11
Solution
21 21
a)o = — = — = 1
T 21
fH=A O<t<rm
=0 T<t<2rw

) =ay+ a, cos nwyt + b, sin nw,t

0 n w() n 0
n=l1

to+T

1

a= | rwa
Tp
1! A A A
=—|Adt =—1[t]ly =—1[ —0]==
2;:! 2K[]0 21r[ ]2
to+T

a :% '[ S (@) cosm ot dt

fo

2&
= —JAcosntdt
Wit 0

A . t i
:—[Sm”} =0 {~ sin nz=sin 0 = 0}
N

2 to+T
b, = T J f@)sinm ot dt

)

2&
= —JAsinntdt
Wit 0

=é[—M} :i[—cosnn+cosO] cosni = (1)
1 no o n cos0 =1

= Ay
nn
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= % if n is odd
nt
=0 if n is even

A 24
fO =24, “Lsinm
2 g om

n
n=odd

A 2A 2A .
= —+—sin0 of + —sin 3 ot + ...
2 1 3

C,= \/a,zl +b,%

A d 24
2

3 2A
I b4
. na,

0 @ 2w 3 4wy S0

Fig. 12
S0
A
t
0 T 27 3n
“Ab-oo
Fig. 13
Solution
21 21
wO = — = — = 1
T 21
fH=A O<t<m
=—A T<t<2rm

1 2
ay = %L[Adt + j (—A)dt]
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21

S

2wy + 07 ]

1
— [r-0-27n+nm]=0
21

1 2
2
— JAcos ny otdt + J‘ (—A) cos ni t dt
2ty ;

é (sinnt)‘ _(sinnt)z‘
1 noJ n )

— [sin nm— sin O — sin 2n7 + sin n7]

0 {sin nw=sin 2nw=sin 0 = 0}

) [ 2t
=\ [Asinm gtde + [ (~A)sinm gtdr
0 I

B [ 2
A cos nt N cosnt )"
n noJy no )

Acysie1- ey
n

24 (- (-1)] cosnt = (-1)
ni cos2m =1
ﬂ if n is odd
nt
0 if n is even
v 4A .
2 —sinng (ot
n=l1 nt
n=odd

4A . 4A .
— sin wyt + a sin 3@yt + ...
I

C, =Jd’n+ b*n

4A
=3 4A
p E 4_A
S

. - 4 nax
@y 2wy 3w 4wy Sax

Fig. 14
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A0

(i) T 2r 3w

Fig. 15

fty=—t O<t<nm
1

=0 T<t<2m
1]t A
ay=—| | —tdt
0 21 [Jn 1

Cn
0.377A4
0.16A
0.25A ¢ 0.1094
X 0.064A

!

0] oy 2wy 3wy 4y Sy

nwo

Fi. 16

A l(e)
o2 2 ),

A'z
AT )24
2% 2| 2 4

A
{J‘—tcos ni Otdt}
1
A
= —2|:Jtcos ntdt}
_ iz[t s1nnt_J51nnt 1dt}
n 0

S
1]
= | —
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23

)

A sinnt 1 i
- t- + _ZCOS nt

) n n 0
Al l "

—2[—2{(—1) —1}}

1°Ln

_zzf; if  is odd
n1

0 if n is even
1A

— j—tsinnw otdt

T y!

A I
- jtsin tdt}
0

=

A r _ !
t-( cos nt) Jrjcosnt -dt}
o

12| n n
Al  cosmt 1 . J
— |-t +— sinnt
T L n n 0
—-A
— [#(=1)"-0]
nt
A A .
— (-1r+l= — n is odd
nt n
A .
- — n is even
nt
A N 2A v A .
—+ Z —— 5 cosnt+ Z— D" sin nt
4 n=1 ni n=l nt
n=odd
Vv .
ai + b,% C,=— n is even
nt
a’ +b? nis odd



